ABSTRACT. Let η be an odd number and m a positive integer. It is shown that there are only finitely many m-generator groups of exponent η .
Introduction
This paper is dedicated to V. P. Platonov on his fiftieth birthday. Burnside posed his famous problem in 1902: is the free m-generator group B(m, n) satisfying the identical relation x" = 1 finite? At the close of the thirties, the following weakened form of the Burnside conjecture having to do with finite groups was discussed in group-theoretical circles (see [l] - [4] ): is it true that B(m, n) has only finitely many finite homomorphic images?
In other words, the problem is about the existence of a universal finite m-generator group B 0 (m, n) of exponent η such that all other finite m-generator groups of exponent η are homomorphic images of it. Later on, the light hand of Magnus [5] was instrumental in naming the second of these questions the restricted Burnside problem (RBP).
In 1968, Adian and Novikov [6] found the negative solution to the Burnside problem for groups of odd exponent η > 4381 (this has since been done [7] for odd η > 665).
It is thus clear that RBP represents the portion of the circle of Burnside problems that is most likely to have a positive solution. Two circumstances have encouraged the hope for such a solution:
1) Reduction to groups of prime-power exponent. Hall and Higman showed in [8] that the positive solution of RBP for groups of exponent η = p { 1 • • ρ/ , where the p t are different primes, follows from that of RBP for the exponents p l •', 1 < i < r, on the assumption that there are only finitely many finite simple groups of exponent «.
2) The connection between RBP for prime-power exponent ρ and problems of Burnside type in Lie algebras (see [2] , [3] , [5] , [9] , and [10] ): this was noted in the thirties and early forties. Let us explain this connection. Suppose that G is a finite group of exponent ρ , and consider the lower central series If η = ρ, a prime, then L(G) is a Lie algebra over the field Z p of order ρ satisfying the Engel identity (see [2] , [5] , and [9] ). In this way, RBP for groups of prime exponent reduces to the following problem of Burnside type in Lie algebras: is every Lie algebra over Ζ satisfying the identity (E p _j) locally nilpotent?
This problem was solved in the positive by Kostrikin [11] , [12] , and RBP for prime exponent was thereby resolved (see also the book [13] , where RBP is discussed in detail).
THEOREM (A. I. Kostrikin). Every Lie algebra over Z p satisfying (E x ) is locally nilpotent.
The ideas and methods of [11] play a fundamental part in this paper, and we shall therefore make frequent reference to them.
As regards finite groups G of prime-power exponent p k , the associated Lie rings do not in general satisfy the Engel identity (E t _,)-this was proved in [14] . However, they do have two important properties, neither of which on its own is enough to ensure local nilpotency: 1) L(G)/pL(G) satisfies the linearized identity (E k_ x ) [15] ; that is, for arbitrary elements a { , ... , a p k_ x in L(G), the following inclusion is satisfied:
L(G)
2) For every commutator ρ in the elements gG x , g e G, L(G) satisfies the equality (see [9] ).
The following theorem is the main result of this paper. It was stated as a problem by the author in [16] In essence, the proof of Theorem 1 was begun in [17] , and this paper is a straight continuation. It was proved in [17] that the nilpotency of L is established once one proves that every algebra in the variety var(Z) generated by L is locally nilpotent.
Let F be an infinite field of characteristic ρ . Since L satisfies (E n ) and all its partical linearizations, it follows that the scalar extension L<g> z F also satisfies (E ) P (see [23] ). Thus, without loss of generality, we shall assume that L is an algebra over an infinite field and satisfies (EJ ; we denote by Κ the F-algebra on generators e i , / > 1, with relations e\ -0 and e^j = e j e i for i, j > 1; L denotes L® F Κ.
Following Kostrikin [13] , an element a of an algebra 2
A Lie algebra is said to be a sandwich algebra if it is generated by finitely many sandwiches.
A fundamental part in our paper is played by a theorem about sandwich algebras, proved recently by Kostrikin and the author.
THEOREM [19] . Every sandwich Lie algebra is locally nilpotent.
This theorem suggests the following plan for the proof of Theorem 1 as set out in [17] . Suppose that we have managed to find, for every nonzero Lie .F-algebra L satisfying (E n ), a polynomial f{x x , ... , x r ) that is not identically zero on L and such that every element of f{L) (the set of values of / on L) is a sandwich in L. We denote by V^{L) the F-linear span of f(L). Since F is infinite, it follows (see [20] , the proof of Theorem 4.2.9, for instance) that V f (L) is an ideal of L . By the theorem on sandwich algebras, VAL) is a nonzero locally nilpotent ideal. It is then enough to use the fact that Engel Lie algebras have locally nilpotent radicals [21] , [22] .
Therefore, the proof-plan in [17] comes to constructing a polynomial / with the required properties. However, the author has not succeeded in constructing such a polynomial: its existence follows a posteriori from Theorem 1. Instead, we consider polynomials with extended signature (with the addition of "separated powers" of ad-operators); they are called U-polynomials below. For every nonzero F-algebra L satisfying (E n ) we construct a {/-polynomial / which is not identically zero on L -L ® F Κ, and is such that every element of f(L) is a sandwich of L. We prove further that the complete linearization / of the {/-polynomial / is an ordinary Lie polynomial which is also not identically zero on L. Every value of / on Ζ is a linear combination of a fixed number of elements of f(L).
Thus We consider the following linear operator on L:
where the summation extends over all fc-element choices i x , ... , i k from /. If z'j, ... , i k contains a repeat, the corresponding summand is zero, because of property (i). It is clear that
We further set i/ 0 (2l) = Id, the identity operator. If the characteristic of the ground field exceeds k, we have so that the operators U k play the role of separated powers of the operators ad.
In what follows, we shall write linear operators to the right of the elements they act on.
We shall define a set of words for a Lie algebra L in the alphabet (4) . Then, on repeated application of (5) 
.
where 0 < a t • < k, 1 < /?, < mA:, and Σ;=ι a ij -^ > I < i < m . We group summands in (6) according to the degrees that 6,, ... , b mk occur in them; set where f" is a sum of expressions like (6), multilinear in b x , ... , b mk , and f is the sum of those expressions of the form (6) and we can again use the induction hypothesis. This completes the proof of the proposition.
§3. Construction of a [/-polynomial-sandwich
In this section we fix a nonzero Lie algebra L over an infinite field F satisfying (EJ , and construct a [/-polynomial that is not identically zero on Ζ such that each of its values is a sandwich of L. The following identities come from (16) Lemmas 1 and 2 also have analogues for ordinary powers of the operators ad(a). We shall simply state the corresponding results, and leave to the reader the verification that the proofs are word-for-word repeats of those of Lemmas 1 and 2 (the only difference is that reference is made to (12')-(15'), not (12)- (15) 
From this and (12) and (10) it follows that
This completes the proof of the lemma.
Our immediate aim is to construct a i/-word W{x x , ... , x r ) such that W{a x , ... , a r ) φ 0 for some elements a t e L, but U 3 (x r+l W) is identically zero on L.
Assume that W x {x { ) -ad(x 1 )' !~1 . We may assume that W l is not identically zero on L, since otherwise L satisfies (Ε η-1 ). Moreover, it follows from (12) that, for every a, in L,
and by Lemma l', the following equality holds for arbitrary a and a x , ... ,a n :
Thus, the words U j (x 2 W i (x l )), i > η are identically zero on L. Suppose that we have already constructed a t/-word W k (x l , ... , x r ) that is not identically zero on L, satisfies condition (4) and is such that U^x^W^ = 0 for i > m.
If ^3(*,. +1^) Ξ 0, then W k is the required [/-word. We suppose therefore that m > 4, and
is not identically zero on L. By (12), the U-word
satisfies condition (4), and Lemma 1 gives that
is not identically zero. We set m _,(x r+1 W k )).
In view of our assumption, the i/-word W k 0 is not identically zero on Ζ. By  Lemma 2, for any elements a { , ... , a r+m , the operator W k 0 (a,, ... , a r+m ) is a multiple of U m . 2 (a r+l W k {a x ,..., a r )) a d(a r+2 ) • • • U m _ 2 (a r+l W k {a x ,..., a r ) is a linear combination of operators of the form 
We could now conclude the construction of our [/-polynomial-sandwich by referring to [13], §2.2. However, in the case charF = 3 we would have to refer to the proof, that is, to assertions that can be extracted from [13], §2.2, but which are not stated explicitly there. Thus, for the convenience of the reader we prefer to carry through the construction right to the end, tidying up that in §2.2 of [13] in passing.
We choose two sets of elements a" , a° , ... , a" q in L, with σ = ±, and set b" = a°W{a\, ... ,a q ). Suppose that every Lie F-algebra satisfying the identities E n and h x , ... ,~h t is locally nilpotent; we shall prove that every Lie algebra satisfying E n and h t , ... , h i _ l is likewise locally nilpotent.
As we observed above, it is proved in [17] that the local nilpotency of an algebra satisfying the identities (E n ) and h l , ... , h i _ l follows from that of the variety generated by the algebra L = L <S> F Κ . We denote a free algebra in this variety by if , and show that L F is locally nilpotent. By the theorem on sandwich algebras [19] , there exists a function S(m) of the natural argument m > 1 such that every Lie ring generated by m sandwiches is nilpotent of class at most S{m). By assumption, every value of the polynomial h i on Ζ is a linear combination of not more than Ν sandwiches of L. Therefore, any m elements in the set h^L) of values of h j together generate a subalgebra of nilpotency class at most S(mN). This last assertion is equivalent to the statement that a certain system of identities holds in L. Hence, every set of m elements in h^lf)
generates a subalgebra of class at most S{mN), and
and h x ,...,h i , and, by our assumption, it is also locally nilpotent. All we need do now is to refer to the existence of a locally nilpotent radical in varieties of Engel algebras [21] , [22] , and the local nilpotency of L F is established. By lowering the index / in this way, we arrive at the conclusion that every Lie algebra satisfying (E n ) is locally nilpotent. Theorems 1 and 2 now follow. §4. Proof of Lemma 4 In this section we shall avoid the words "Jordan algebra" with a persistence worthy of better application, and restrict ourselves to elementary combinatorics. Reference to the theory of Jordan algebras would no doubt explain the meaning of the calculations to be performed below, but this would require very specialist preparation of the reader.
We establish lemma 4 in several steps: For / = 1, there is nothing to prove. Let us assume that the assertion has been proved for x {k~^ , and prove it for x (k) . If k = 2i, we have 
in \QT\Q°\· Then
